In this paper we study a classification of linear systems on Lie groups with respect the conjugacy of the corresponding flows. We also describe stability according to Lyapunov exponents.
Introduction
The main purpose of this paper is classify linear flows on Lie group via topological conjugacies and characterize asymptotic and exponential stability using Lyapunov exponents.
Conjugacy and stability are some of the central notions in the classical theory of dynamical systems. But these ideas have been introduced in others areas of mathematics. In this direction, the classification of flows, via conjugacy, on topological spaces is a topic widely studied. The idea is to establish conditions on these flows to find a homeomorphism between the topological spaces that maps the trajectories of a flow to trajectories of the other flow. For linear autonomous differential equations, one classical result says that in case of hyperbolicity, two linear autonomous differential equations are topologically conjugate if and only if the dimensions of the stable subspaces coincide (see, e.g., Robinson [9] , Hirsch, Smale, and Devaney [6] ). More generally, Ayala, Colonius, and Kliemann [1] introduced concepts of conjugacy for linear flows on control systems, the control flows, and using concepts and techniques from topological dynamics classified these linear flows. Colonius and Santana (see [2] and [3] ) generalized the study of topological conjugacy to affine autonomous differential equations and to inhomogeneous bilinear control systems, they proved that hyperbolic affine flows are topologically conjugate to their linear parts provided that an additional continuity property holds, hence the topological conjugacy between two hyperbolic affine flows depends on the topological conjugacy between their linear parts.
Recalling that gl(d, R) is the Lie algebra of the Lie group Gl(d, R) and knowing the relation between hyperbolic elements and Iwasawa decomposition of semisimple Lie groups, it is natural ask about the above result in the case of a semisimple Lie group. In this context, Kawan-Rocio-Santana (see [8] ) study the flows of nonzero left invariant vector fields on Lie groups with respect to topological conjugacy. Using the fundamental domain method, they show that on a simply connected nilpotent Lie group any such flows are topologically conjugate. Combining this result with the Iwasawa decomposition, they find that on a noncompact semisimple Lie group the flows of two nilpotent or abelian fields are topologically conjugate. Finally, for affine groups G = H ⋊ V , V ∼ = R n , they show that the conjugacy class of a left invariant vector field does not depend on its Euclidean component. In the above paper, one important characteristic of the invariant flows, given by left invariant vector fields, on nilpotent group is that they behave like linear trajectories. Then they have the condition of no return thus enabling to use the fundamental domain method.
Here we consider flows given by an infinitesimal automophism, that is, we consider the linear system on a Lie group Ġ g(t) = X (g(t)),
where the drift X is an infinitesimal automophism. Then following a similar approach of the classical result we classify the linear flows according to the decomposition of the state space in stable, unstable and central Lie subgroups. Moreover, given a fixed point g ∈ G of the linear flow given by X , we define when g is stable, asymptotically stable and exponentially stable. From this we characterize these stabilities according to Lyapunov exponents.
About the structure of this paper, in the second section we establish some results and prove that the stable and unstable subgroups are simply connected. In the third section we prove the main result of the paper, that is, given two linear vector fields we give conditions on it and on their stable spaces in order to ensure that their respective flows are conjugated. Finally, in the last section we study the Lyapunov stability. Proof: Since ϕ is expanding if and only if ϕ −1 is contracting and we have the conjugation formula ϕ(exp G (X)) = exp H ((dϕ) e X), for any X ∈ g, we just need to prove that if ϕ is contracting then exp G is injetive.
Let then X, Y ∈ g and assume that exp G (X) = exp G (Y ). Let U ⊂ h a neighborhood of 0 ∈ h such that exp H restricted to U is a diffeomorphism. Since ϕ is contracting, there exists N ∈ N great enough such that both (dϕ) 
which implies that (dϕ)
N e Y and being that (dϕ) e is an isomorphism we get X = Y as desired.
Corollary:
If a connected nilpotent Lie group G admits an expanding or contracting automorphism it must be simply connected.
Corollary: If G is a compact Lie group it admits no expanding or contracting automorphism.
Let us assume that G is a connected Lie group and let X be a linear vector field on G with linear flow (ϕ t ) t∈R . Associated with X we have the connected ϕ-invariant Lie subgroups G + , G 0 and G − with Lie algebras given, respectively, by
g α , and
where α is an eigenvalue of the derivation D associated with X and g α its generalized eigenspace.
We consider also G +,0 and G −,0 as the connected ϕ-invariant Lie subgroups with Lie algebras g
The next proposition states the main properties of the above subgroups, its proof can be found in [4] and [5] 2.5 Proposition: It holds:
All the above subgroups are closed in G;

If G is solvable then
Moreover, the singularities of X are in G 0 ;
If D is inner and
The subgroups G + , G − are called, respectively, the unstable and stable subgroups of the linear flow ϕ t . The next proposition gives us another topological property of such subgroups.
Proposition:
The Lie subgroups G + and G − are simply connected.
Proof: Since (dϕ 1 ) e = e D restricted to g + and to g − has only eigenvalues with real part positive and negative, respectively, we have that ϕ Next we will prove a technical lemma that will be needed in the next sections.
Lemma: Let us assume that G is a connected Lie group and let
we have by the continuity of the product of the Lie group G that x n = h 1,n h 2,n → h 1 h 2 = x in G. Let us assume then that x n → x. By consideringh 1,n = h
we can assume that x n → e and we need to show that h i,n → e, i = 1, 2. Let U i be a neighborhood of e ∈ H i , i = 1, 2. By the conditions on H i , there are neighborhoods
is an open set of G (see Lemma 6.14 of [?]) and being that x n → e there is N ∈ N such that for n ≥ N we have x n ∈ W which by the condition that
showing that h i,n → e for i = 1, 2 as desired.
Conjugation between linear flows
Let X i be a linear vector field on G with linear flow (ϕ i,t ) t∈R for i = 1, 2. We are interested in the existence of a homeomorphism π : G → G that commutates ϕ 1,t and ϕ 2,t , that is,
Let us denote respectively by ϕ + t and ϕ − t the restriction of ϕ t to its unstable and stable subgroup. The next result establishes a first conjugation property of those restrictions.
Lemma: If
where
Proof: We begin by supposing that dim g
Thus we define the linear maps
2 . We claim that eigenvalues of D + i and D i , i = 1, 2, are the same. In fact, it is sufficient to view the characteristic polynomials
It follows that all eigenvalues of D i are positive. Now Theorem 7.1 in [?](robinson) assures that there exists a homeomorphism ζ : R n → R n such that ζ(e t D1 X) = e t D2 ζ(X), for any X ∈ R n .
Defining ξ : g
which shows the topological conjugacy. Proof: Let us do the unstable case, since the stable is analogous. By the above lemma, there exists ξ : g
By Proposition 2.6 the subgroup G + i , i = 1, 2 is simply connected, which implies that the map
is well defined. Moreover, since exp G + i is a diffeomorphism, i = 1, 2 and ξ is a homeomorphism, we have that π is a homeomorphism. Let us show that π conjugates ϕ + 1,t and ϕ
Definition: Let X be a linear vector field. We say that X is hyperbolic if its associated derivation D is hyperbolic, that is, it has no eigenvalues with zero real part.
One comment here is necessary. If g α is the generalized eigenspace associated with the eigenvalue α of D, it is well known that [g α , g β ] ⊂ g α+β when α + β and zero otherwise (see for instance Proposition 3.1 of [11] ). This implies, in particular, that a necessary condition for the existence of a hyperbolic linear vector field on a Lie group G with dim G < ∞ is that G is a nilpotent Lie group. For hyperbolic linear vector fields we have the following refined result. 
Theorem: Let
is well defined and has inverse π −1 (g
. We will divide the rest of our proof in two steps:
Step 1: π and π −1 are continuous. Let us show the continuity of π since the proof for π −1 is analogous. Let then (x n ) a sequence in G and assume that x n → x. Since G = G 
showing that π is continuous.
Step 2: π conjugates ϕ 1,t and ϕ 2,t ;
In fact, since for any g ∈ G ± i we have that ϕ
showing that π conjugates ϕ 1,t and ϕ 2,t and concluding the proof.
Lyapunov stability
In this section we will show that the stability properties of a linear flow on a Lie group G behaves in the same way as the one of the linear flow on the Lie algebra g induced by the derivation D.
Definition:
Let g ∈ G be a fixed point of X . We say that g is 1) stable if for all g-neighborhood U there is a g-neighborhood V such that
2) asymptotically stable if it is stable and there exists a g-neighborhood W such that lim t→∞ ϕ t (x) = g whenever x ∈ W ;
3) exponentially stable if there exist c, µ and a g-neighborhood W such that for all x ∈ W it holds that
4) unstable if it is not stable.
We should notice that, since property 3) is local, it does not depend on the metric that we choose on G. Because of that we will assume from here on that ̺ is a left invariant Riemmanian metric. For this case, using that
In particular, since (dϕ − t ) e = e tD| g − has only eigenvalues with negative real part, there are constants c, µ > 0 such that
Analogously, we have that
Next we prove a technical lemma that will be needed for the main results. Proof: Let us assume that g is stable for X and let U ′ be a π(g)-neighborhood. By the property of π around g, there exists a g-neighborhood U such that π restricted to U is a homeomorphism and π(U ) ⊂ U ′ . By the stability, there exists a g-neighborhood V such that ϕ t (V ) ⊂ U for all t ≥ 0. Consequently V ′ = π(V ) is a π(g)-neighborhood and it holds that
showing that π(g) is stable for X ′ .
If g is asymptotically stable, there is a g-neighborhood W such that lim t→∞ ϕ t (x) = g for any x ∈ W . We can assume w.l.o.g. that W is small enough such that π restricted to W is a homeomorphism. Then
showing that π(g) is asymptotically stable for X ′ .
Let us assume now that π is a covering map and that π(g) is stable for X ′ . Since π is a covering map, there is a distinguished π(g)-neighborhood U ′ , that is, π −1 (U ′ ) = α U α is a disjoint union in G such that π restricted to each U α is a homeomorphism onto U ′ . Let U be a given g-neighborhood and assume w.l.o.g. that U is the component of π
is a disjoint union and x ∈ V ⊂ U we must have ϕ t (x) ∈ U for all t ≥ 0. Being that x ∈ V was arbitrary, we get that ϕ t (V ) ⊂ U for all t ≥ 0, showing that g is stable for the linear vector field X .
The asymptotically stability follows, as above, from the fact that π has a continuous local inverse.
The following theorem characterizes, as for the Euclidian case, asymptotic and exponential stability at the identity e ∈ G for a linear vector field in terms of the eigenvalues of D.
Theorem: For a linear vector field X the following statments are equivalents:
(i) The identity e ∈ G is asymptotically stable;
(ii) The identity e ∈ G is exponentially stable; (iii) All Lyapunov exponents of ϕ t are negative;
Proof: Since G = G − if and only if g = g − we have that (iii) and (iv) are equivalent. Moreover, by equation (3) we have that (iii) and (iv) implies (ii) and (ii) certainly implies (i). We just need to show, for instance, that (i) implies (iv), which we will do in two steps:
Step 1: If e ∈ G is asymptotically stable, G is nilpotent;
In fact, let U be a neighborhood of 0 ∈ g such that exp restricted to U is a diffeomorphism and such that exp(U ) ⊂ W . For any X ∈ ker D let δ > 0 small enough such that g = exp(δX) ∈ W . Since ϕ t (g) = g for any t ∈ R the asymptotic assumption implies that we must have g = e and consequently that X = 0 showing that ker D = {0}. The derivation D is then invertible which implies that g is a nilpotent Lie algebra and G a nilpotent Lie group.
Step 2: If e ∈ G is asymptotically stable,
The derivation D on the Lie algebra g can be identified with the linear vector field on g given by X → D(X). Its linear flow is exactly e tD X for any X ∈ g. By the above step, G is a nilpotent Lie group which implies that exp : g → G is a covering map. Moreover, since ϕ t • exp = exp • e tD we have that e ∈ G is asymptotically stable if and only if 0 ∈ g is asymptotically stable for the linear vector field induced by D.
By the results in (Dynamics and linear algebra -Colonius/Kliemann) for linear Euclidian systems we have that 0 ∈ g is asymptotically stable if and only if D has only eigenvalues with negative real part, that is, g = g − implying that G = G − and concluding the proof.
Remark:
We should notice that the above result shows us that, as for linear Euclidian systems, local stability is equal to global stability. Morever, in order for e ∈ G be asymptotically stable for a linear vector field X is necessary that G be a simply connected nilpotent Lie group.
The next result concerns the stability of a linear vector field.
Theorem:
The identity e ∈ G is stable for the linear vector field X if G = G −,0 and D restricted to g 0 is semisimple.
Proof: First we note that G = G −,0 if and only if g = g −,0 . By (result of Colonius/Kliemann -Theorem 4.7) for linear Euclidian systems, the conditions that g = g −,0 and that D| g 0 is semisimple is equivalent to 0 ∈ g be stable for the linear vector field induced by D. Since exp is a local diffeomorphism around 0 ∈ g we have by Lemma 4.2 that 0 ∈ g stable for D implies that e ∈ G is stable for X concluding the proof.
The next result gives us a partial converse of the above theorem.
If e ∈ G is stable for the linear vector field X then G = G −,0 . Moreover, if exp G 0 : g 0 → G 0 is a covering map then e ∈ G stable for X implies also that D| g 0 is semisimple.
Proof: By equation (4) the only element in G + that have bounded positive X -orbit is the identity. Therefore, if e ∈ G is stable then G + = {e} and consequently G = G −,0 .
Since G 0 is ϕ-invariant, the linear flow X induces a linear vector field X G 0 on G 0 such that the associated linear flow is the restriction (ϕ t )| G 0 . Moreover, being that G 0 is a closed subgroup, it is not hard to prove that e ∈ G stable for X implies e ∈ G 0 stable for the restriction X G 0 .
If we assume that exp G 0 is a covering map, we have by Lemma 4.2 that e ∈ G 0 stable for X G 0 if and only if 0 ∈ g 0 stable for D| g 0 which by (result of Colonius/Kliemann -Theorem 4.7) implies that D| g 0 is semisimple.
Remark:
Let G be a solvable Lie group and G its simply connected covering. If exp : g → G is a diffeomorphism, then certainly exp G 0 is a covering map. In particular, if G is nilpotent, exp G 0 is a covering map.
